We give an existence-uniqueness result for linear and nonlinear time fractional evolution equations with singularities in corresponding norm in extended Colombeau algebra of generalized functions using fractional analog for Duhamel principle. Paper deals with some nonlinear models with singularities appearing in viscoelasticity and in anomalous processes which have met great interest among researchers who consider them as a challenge in recent years. 
Preliminaries

Background and groundwork
Fractional calculus deals with the study of the fractional order integrals and derivative operators over real or complex domain and their applications (cf. [1] [2] [3] ). Fractional operators are non-local. They exhibit non-local process dynamics which has a certain degree of memory, while the ordinary derivatives are local derivatives. Many anomalous processes depend on certain memory of its own dynamics (cf. [4] [5] [6] [7] [8] [9] ). Motivation for considering the fractional derivative of delta distributions and other distributions was its connection to equations with delay and memory and their applications.
Many of these equations are already solved in classi- * E-mail: stojanovic@dmi.uns.ac.rs cal spaces useful for applications but it is not a case for non-local solutions for the equations with singularities. Disadvantage of fractional methods developed till now for solving fractional ODEs and PDEs is the lack of the convenient functional spaces appropriate for their consideration. A fractional equation between the Burgers and the K Vequation is considered in [10] . The fractionalization of some of the derivatives is performed in the equation in order to include memory effect. The new perspective of the study of 2/3-order fractional Laplacian modeling of turbulence (cf. [11] ) is an effective approach to modeling the chaotic fractal phenomena induced by nonlinear interactions. The anomalous diffusion equation describing the frequency power scaling of various physical processes, such as transport and relaxation leads to the non-local time derivative of fractional order (cf. [12] ). Many of these equations appearing in applications have solutions in classical spaces if the initial data and the coefficients are smooth enough. Extension of Colombeau theory to fractional derivatives opens the possibility to solve them in the presence of singularities. In this way, adequate framework is obtained to handle the singularities in nonlinear fractional ODEs (cf. [13, 14] ); nonlinear fractional PDEs driven by fractional derivative of force term, or in multiplication with nonlinear term (cf. [13] ); nonlinear time fractional equations of evolution type with application in transport theory and random walk, anomalous diffusion processes, L´ vy-Feller diffusion processes, in particular with non-Markovian processes, subdiffusion processes with retardation, etc. For particular cases of application of such kind of equations cf. [15] . One of them is the subject of this paper. We focus on introducing fractional calculus theory and computation in Colombeau algebra of generalized functions for possible applications to nonlinear fractional differential equations with singularities. After introducing basic concept of extended Colombeau theory to the derivatives of arbitrary order D α α ∈R (cf. [13, 14, 16] ) we introduce the theory of fractional derivatives and integrals in nonlinear ODEs and PDEs, appropriate for studying and modeling systems which exhibit long memory properties and singularities. We extend the field of application to the fractional derivatives and complete the Colombeau algebra of generalized functions with derivatives of the positive real number orders. The main task in solving fractional evolution equations is finding existence-uniqueness results like in the case of evolution equations with entire order derivatives (w.r.t.) the variable . By examining the fractional evolution equations it turns out that they lead to new results for the evolution equations with entire order derivatives in limiting case. Moreover, they give behavior of the solutions inside intervals of the entire orders derivatives. In that way we follow the influence of the operators generated by entire order derivatives in many fractional time evolution PDEs with singular initial data, and non-Lipschitz's nonlinear term extending the results in viscoelasticity, continuum random walk, seismology, continuum mechanics and many other branches of life and science.
Aims of the study
In this paper we show how to solve time-fractional evolution equations, linear and nonlinear ones in extended Colombeau algebra of generalized functions. We give an example how to deal with the time fractional equations of evolution type with singularities. Singularities can be in the initial data, coefficients or nonlinear term. The initial data can take singular distributions with derivatives of entire order and its powers connected to the Caputo derivatives which are measurable, or of fractional derivatives connected to the Riemann-Louville fractional derivatives which possess a convenience for calculation. Recall, fractional integral is defined by:
is the identity operator, and for J 1 we simply write J The fractional derivative of order α > 0 in the Caputo sense is defined (cf. [1] ) as the operator
When α is an entire i.e. α ∈ N 0 we obtain the usual derivatives of entire order. The Riemann-Louville fractional derivative D β + is a leftinverse operator to the Riemann-Louville integral of order
Remark 1.
The Caputo fractional derivative represents a sort of regularization in the origin of the Riemann-Louville fractional derivative. When Caputo derivative exists all the limiting values ( ) (0 + ) are required to be finite for any ≤ − 1
Since the derivative of order is required to exist and is subjected to some regularity conditions, the Caputo fractional derivative is in this sense more restrictive than the Riemann-Louville derivative.
We give a proof of the existence and uniqueness of the solution for both forms of fractional derivatives: Caputo and Riemann-Louville. We start with some background necessary for understanding the main results concerning the well-posedness of the fractional time-evolution equations in the extended Colombeau algebra setting. Section 3 is supplied with the essentials and advantages of Colombeau algebra. Its extension to fractional derivatives is the subject of Section 4. In Sections 5 and 6, we give the proof for the existence-uniqueness for the nonlinear problem. Section 7 contains a proof for linear case and finally Section 8 is supplied with the existence-uniqueness results of the solutions to Riemann-Louville form of the fractional derivatives. Throughout the paper C will denote a generic constant different in different appearances which contains all the values of Gamma functions from corresponding definitions.
Statement of the problem
Fractional time-evolution equations are considered in [17] In this paper, we extend the problem (1) to nonlinear force term ( ( )) which is of a non-Lipschitz's class in entire case. We use the cut-off method to handle with the nonlinearities of the force term. As the initial data we employ singular distributions like δ( ) its powers, derivatives and their sums. To avoid singularity of the initial data we set the regularization with delta sequences of different growth. We consider regularity of the solution of corresponding differential equation, according to regularity of the solution in Colombeau theory (cf. [18] ). In particular, as the operator A we take Laplace operator dealing with diffusion-wave nonlinear equation, in the extended Colombeau algebra of generalized functions.
The non-Lipschitz nonlinear force term
Nonlinear term in our consideration is of the nonLipschitz's class. We regularize it by cut-off (cf. [19] ) to obtain logarithmic boundedness of the gradient. Thus,
where |∇ | satisfies the logarithmic growth condition (2) and T > 0
In particular, if we put |∇ | ≤ C we deal with the Lipschitz's case.
Singular initial data
Suppose that in the Cauchy problem (3), (see latter), the initial data are delta distributions, their powers or sums of derivatives. Let the initial data be
is the strong dual of the Banach space C (R ) of all C (R ) functions with bounded derivatives up to the order ( 0 (R ) is the space of Radon measure). As an example consider (cf. [20] )
Then, suppose that the initial data could be
Without loss of generality we take δ-distribution as the initial data since it covers all mentioned cases. For the regularization we use convolution with δ-sequences with different growth. We achieve that with different scaling functions ( ) to follow the singularities in the equation. We suppose that φ(
Introduction to Colombeau theory
Colombeau generalized functions are introduced for problems involving multiplications of distributions. They escape from Schwartz impossibility result and they are coherent with classical analysis. Multiplication of distributions does not make sense in the distribution theory. Laurent Schwartz has proved in 1954 the "impossibility of the multiplications of distributions" even in the framework disjoint from the theory of distributions (cf. [22] ). Multiplication of generalized functions has always sense in Colombeau space and gives an element from , what is not a case in the theory of distributions (cf. [22] ). In , H 2 δ 2 are not defined at all, but the existence of various Heaviside's functions and square of δ δ 2 are useful in applications (cf. [23] ). In Colombeau algebra δ 2 exists as an element from / , but it is no element from to which δ 2 is associated. For majority of the systems of PDEs distribution solutions are unknown. This theory solved previously unsolved equations. These solutions can be classical discontinuous functions which are not solutions within distribution theory.
An intuitive way to consider Colombeau generalized functions
Intuitively the Dirac delta function has been introduced as a limit of the function δ , when → 0 as δ ⊂
[−η( ) η( )] with η( ) → 0 as → 0 δ ( ) = 1 in order to solve complicated problems in physics and engineering and gives results in agreement with experiments. Delta sequence is a functional sequence satisfying:
As an example we consider the following delta sequence:
) It can be proved that this functional se-
Formal calculus involved product of δ distributions, δ 2 Shock waves are quick variation of the physical variables that describe a given situation (cf. [22] ). These jumps involve several times the average distance between molecules. Denote this width of the shock by By taking the limit as → 0 the shock is represented by discontinuous function. We repeat the analogy between the construction of generalized functions and the real numbers from [22] . A real number is an ideal limit of a sequence { } ∈ N of decimal numbers which is approximate value up to the decimal of a real number
is an open set. Generalized function G on Ω in Colombeau sense, is an ideal limit when → 0 of a family (R ) 
Construction of special Colombeau algebra
Regularization of distributions is the main notion in embedding into suitable algebra of generalized functions. We choose a mollifier ∈ (R ) with ( ) = 1 and set ( ) = − ( / ) to obtain := * is smooth and → in , (cf. [24] ). This enables us to obtain a sequential representation of (cf. [24] ). We choose some ideal in C ∞ (R ) with ⊆ µ 0 and include using convolution
Since is a smooth function then by Taylor expansion , the sequences of moderate growth, to obtain that is an ideal. We put = (Ω) a set of negligible elements.
Finally, we give a definition of special Colombeau algebra on Ω (cf. [24] ) as a factor set (Ω) := M (Ω)/ (Ω) where
Elements of M (Ω) and (Ω) are moderate and negligible functions, respectively.
Extended Colombeau algebra
For general Colombeau theory cf. [24] . We construct extended Colombeau algebra of generalized functions in L 2 -norm containing fractional derivatives following the approach given in [16] for the purposes of the problem under consideration in this paper.
Let Ω be an open subset of R and index set I = (0 1)
When Ω has a cone property then M 2 (Ω) is an algebra with partial derivatives and (Ω) is an ideal of M 2 (Ω) invariant by partial derivatives (cf. [24, 25] ). Factor set 2 (Ω) = M 2 (Ω) / 2 (Ω) is an algebra with partial derivatives.
For compact imbedding :
where µ is some compactly supported smooth function identically equal to one in a neighborhood of zero, (cf. [25, 26] ).
Define the Colombeau space
This norm is negligible for any γ ∈ {0 1 2} Algebra of Colombeau generalized functions
Note that the opposite assertion does not hold. For 0 ≤ γ ≤ 2 the space W 2 2 ([0 T ) × R ) with fractional derivatives is defined on the set of the real numbers 0 < γ < 1 ∪ 1 < γ < 2 including entire order derivatives {0 1 2} This space is the extension of the space
Main result
Nonlinear force term
Consider the Cauchy problem for nonlinear time-fractional pseudo-differential equations for α > 0
where α ∈ ( − 1 ] ≥ 1 is an entire number, ( ( )) and ( ) = 0 − 1 are given functions, 
is real valued, ( 0) = 0 ∈ [0 T )) can be composed with a real valued function , and that Assumption 2 holds, (resp. it is of the Lipschitz's class). As a framework, we employ extended Colombeau algebra of generalized functions.
Main result of this paper is summarized in the next Theorem.
Theorem 4.
Under the conditions given above the equation (3) 
Integral representation of the solution
We prove the existence-uniqueness theorems for nonlinear time fractional evolution partial differential equations using technique of transforming it into corresponding integral form described by fractional analog to the Duhamel principle (cf. [17] ). Then, the solution to the problem (3) is given by representation
In particular, as a special, but very important examples, we consider the diffusion-wave problems with the force term
where ( 0) = 0, is the Laplace operator. The representatives of the solutions (cf. [17] ) are
and for 1 < α < 2
6. Existence-uniqueness Theorem Theorem 5. 
Proof. In the proof of Theorem 5 we use the usual 
By the moderate bounds for the first derivative of the forced term we obtain
and the -transform in the integral representation (5), for 0 < α < 1 readŝ
We take 2 N -semi norm, for the representative of the solution. Multiply it with characteristic function χ N (ξ) when
We have 0 (JÊ α (( − τ) α |ξ| 2 ) 2 τ ≤ C N T on compact set K N , (cf. [17] ), and the first summand I 1 is estimated in details in [28] and [29] . Moderateness follows due to the initial data given with delta sequence. The second summand reads
Since 0 < α < 1 we apply Fubini theorem to obtain
Setting I = 1 2 into the formula (7) yields for
Gronwall inequality yields for T > 0
and moderateness follows by Plancharel Theorem.
Remark 6.
For derivatives of higher order we first differentiate the integral representation (5) (w.r.t.) the spatial variable resp. ∈ {1 2 } and apply the above technique for the moderateness. In the sequel we suppose that characteristic function χ is included in calculation of the moderateness of the solution, so we give estimates on the compact set K N . For the first derivative since
For the second derivative we use under the integral sign the first derivative of the Mittaf-Leffler function, and the first derivative of the force term Thus,
At this point we must stop the differentiation of the force term since we set cut-off only for the first derivative. We obtain the estimates for the fractional derivatives from the equation In this way we obtain bounded solutions.
-norm when the initial data are singular, i.e. (0 ) = δ( ) The same technique can be used for the equation (6) when 1 < α < 2 Since techniques are the same the proof will be omitted.
Remark 7.
Let 0 < α < 1 and 0 ∈ W 2 2 ([0 T ) × R ) then the Cauchy problem (3) has a unique solution in the space
For the regularity (w.r.t.) the temporal variable cf. [28] .
Remark 8.
For 1 < α < 2 the integral representation (6) and initial data from
Since the technique is the same the proof will be omitted.
Remark 9.
Let the initial data be regularized with
In the next Theorem, we give a proof in general case using the integral representation (4). Technique of the proof is given in details for Theorem 5. Here we give it in a shortened version.
Theorem 10.
Suppose that − 1 < α < ∈ N Let in the Cauchy 
Proof. Consider the equation (3) 
where for = 1 we have an identity operator. Using logarithmic boundedness of and connection of fractional differentiation and integration, we obtain by Hölder inequality, for 0 < < 1
(9) We denote the summands in the last expression by I 1 and I 2 For the first term
the estimate is given in details in [28, 29] . So we have a moderateness of I 1 due to the moderateness of the initial data and L 2 -boundedness of the Mittag-Leffler function on compact set. For
by Buniakowsky equality
We denote these two multipliers by R AB ξ We calculate the parts A and B separately. We have
By Buniakowsky inequality
On the other hand
Buniakowsky inequality yields
Setting these parts in (10), we obtain using Fubini theorem
We insert partsÎ = 1 2 into (9) to obtain
Gronwall inequality yields
and moderateness of the L 2 2 -norm follows with a great speed. By Plancharel equality we obtain
For the moderateness of the first and the second derivative we repeat the procedure for Theorem 5. We find the first derivative of the integral representation (4), apply Fourier transform and after some calculation using the technique from Theorem 5 we prove the moderateness. For the second derivative we find the derivative of the Mittag-Lefflerfunction and the solution in integral part in succession. 
Remark 11.
In this convergence in the extended Colombeau space, the derivatives of entire order are the most influential. The fractional derivatives follow the problems' features and inherit them as a past. As for the fractional derivative's order interval, it lies between two derivatives of the entire orders. It happens, say, when the fractional orders are in interval [1 2] Diffusion-wave problem for 1 < α < 2 is between the heat and wave problem. Heat problem smoothes the rough initial data, while the wave problem propagates the singularities. The properties of the heat problem are inherited till the entire derivative of order 2. After the derivative of order 2, the diffusion effect vanishes.
Corollary 12.
Using results from [28] 
Remark on linear force term
We solve the equation (1) 
In general case we use the integral representation (4) with linear term ( ), to establish a generalized solutions in extended Colombeau algebra setting. Take L 2 2 -norm to the generalized Fourier-transform to (4)
Denote the summands with A and B. We have
Fubini theorem yields the moderateness for T > 0 Uniqueness holds by definition.
Fractional time-evolution equations with the Riemann-Louville fractional derivative
The relation between the two forms of the fractional derivatives in Colombeau setting is given with − 1} ∈ N denotes the ( − ) -fold convolution of the ( ) with itself. For more details cf. [16] . Since we already gave a proof for the Caputo derivative, we have to give only a proof of moderateness for the difference between the two forms of derivatives. We pay attention to 0 < α < 1 The generalization to − 1 < α < ∈ N is then straightforward.
Theorem 13.
Suppose Proof. In the case when ( ( )) does not vanish at = 0 (cf. [17] ), it is better to substitute the equation (12) by its integral representation and in this way obtain the relation between the two forms of fractional derivatives (11) . Since the part containing the Caputo fractional derivative is moderate we give a proof only for the additive term. Let 0 < α < 1 We have 
